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One particle distribution function and shear viscosity in magnetic field: a relaxation
time approach
Payal Mohanty,1, ∗ Ashutosh Dash,1, † and Victor Roy1, ‡
1National Institute of Science Education and Research, HBNI, 752050 Odisha, India.
We calculate the δf correction to the one particle distribution function in presence of magnetic
field and non-zero shear viscosity within the relaxation time approximation. The δf correction is
found to be electric charge dependent. Subsequently, we also calculate one longitudinal and four
transverse shear viscous coefficients as a function of dimensionless Hall parameter χH in presence
of the magnetic field. We find that a proper linear combination of the shear viscous coefficients
calculated in this work scales with the result obtained from Grad’s moment method in [42]. Calcu-
lation of invariant yield of pi− in a simple Bjorken expansion with cylindrical symmetry shows no
noticeable change in spectra due to the δf correction for realistic values of the magnetic field and
relaxation time. However, when transverse expansion is taken into account using a blast wave type
flow field we found noticeable change in spectra and elliptic flow coefficients due to the δf correction.
The δf is also found to be very sensitive on the magnitude of magnetic field. Hence we think it is
important to take into account the δf correction in more realistic numerical magnetohydrodynamics
simulations.
I. INTRODUCTION
Ultra-intense transient electromagnetic fields are gen-
erated in the initial stages of high energy heavy ion colli-
sions [1–7]. The possibility of the existence of such an in-
tense magnetic field has encouraged theoretician to study
QCD under the intense field. This has so far resulted in
a number of a conjectured new phenomenon which is be-
lieved to exist in presence of an intense electromagnetic
field. For example, the phenomena of chiral magnetic
effect (CME), chiral magnetic wave, and change in the
photon and dilepton productions to name a few [4, 8–
12]. Some other theoretical developments related to the
magnetic field in heavy ion collisions includes magneto-
vortical evolution [13–15], calculation of Wigner func-
tions for fermions in strong magnetic fields [17], shear
viscosity in an anisotropic unitary Fermi gas[16], the
shear and bulk viscosity of Quark-Gluon-Plasma (QGP)
in strong magnetic fields [18–20] etc. On the other hand,
several model studies in the last decade show that the
QGP created in high energy heavy ion collisions pos-
sesses a very small value of shear viscosity to entropy
density ratio. Among several of these model studies, rela-
tivistic hydrodynamics played one of the most important
roles to extract the value of shear viscosity to entropy
density ratios from the available experimental data [21–
29]. However, almost all of these hydrodynamics model
studies have so far ignored the effect of a large magnetic
field on the fluid evolution, hence, the extracted values of
shear viscosity are probably not as precise as is usually
claimed. Only in the recent year’s people finally start in-
vestigating the effect of magnetic field on QGP evolution
[30–41]. In addition to that theoretical efforts are going
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on to better understand the relativistic magnetohydrody-
namics from first principle calculations, for example the
formulation of relativistic non-resistive dissipative mag-
netohydrodynamics from a kinetic theory approach can
be found in [42], and some application to astrophysical
problems is described in [43], the calculation of transport
coefficients in magnetic field using Kubo formula was in-
vestigated in [44]. Here we would like to point out that
almost all of the recent numerical hydrodynamic model
studies with a non-zero magnetic field have concentrated
only on the effect of the field on the fluid evolution. The
effect of the magnetic field on the freezeout distribution
function and hence on the corresponding correction to
the invariant yield has so far been neglected in all of
those magneto hydrodynamical model studies. As it is
well known, the freezeout distribution function is used
in the Cooper-Frye prescription to convert the fluid ele-
ments to particles (hadrons) during the kinetic freezeout
in order to get the invariant yields of particle spectra.
In the present study, we use the relaxation time approxi-
mation to calculate the δf correction to the one particle
equilibrium distribution function f0 and the correspond-
ing shear viscosity coefficients in presence of a magnetic
field. It is also known that under the influence of an ex-
ternal magnetic field locally equilibrated thermal system
becomes anisotropic and corresponding shear viscosity
has five different coefficients. We would like to reiter-
ate that the motivation for calculating the δf correction
arises to complete the study of the transverse momen-
tum spectra and the corresponding flow harmonics cal-
culated in hydrodynamics simulation with non-zero mag-
netic field. However, in this study we shall use the calcu-
lated δf in a simplified Bjorken model with and without
transverse flow to investigate the effect on invariant yield
coming only from the δf . Before proceeding further, we
note that the local equilibrium distribution function in
presence of the electromagnetic field is known to have
2the following close form [45, 46]
fem0 (p) =
1
(2π)3
exp (−β [(pµ + qAµ)uµ − µ]) , (1)
where q is the electric charge, Aµ is the four potential
corresponding to an electro-magnetic field, and µ is the
chemical potential. We also note, that Aµ is not uniquely
defined for an arbitrary given magnetic field (or in other
word using a different gauge a new A′µ can also give
the same magnetic field as before) and this ambiguity
in defining Aµ makes it difficult to use fem0 (p) in the
Cooper-Frye formula
E
d3N
d3p
=
∫
fem0 p
µdΣµ. (2)
Where dΣµ is the differential freezeout hypersurface, and
pµ → pµ + qAµ is the canonical momentum.
Thus we cannot use Eq.(1) in the Cooper-Frye freeze-
out formula Eq.(2) in order to study the effect of mag-
netic field on the freezeout distribution function. There-
fore we choose a different approach and calculate the cor-
rection δf to the local equilibrium distribution function
f0(p) in presence of an external magnetic field by consid-
ering the δf to be small in comparison to the f0(p).
The paper is organized as follows. In the next section,
we discuss the formulation where δf is calculated from
the linearised Boltzmann transport equation in presence
of a non-zero velocity gradient and magnetic field. This
section also contains some results on particle spectra in
Bjorken expansion with and without transverse flow and
we discuss the shear viscosity for Bose and Fermi gas in
presence of the magnetic field. Finally, in section III we
discuss conclusion and outlook. We use the natural unit
where h¯ = c = kB = 1 and four vectors are denoted by
Greek indices and three vectors by Latin indices.
II. FORMALISM
For the sake of completeness, let us start with the rel-
ativistic Boltzmann transport equation:
pµ
∂f
∂xµ
+m0Fµ ∂f
∂pµ
= C[f ], (3)
where m0 is rest mass, p
µ = γ(m0,m0~v) = (p
0, ~p) is the
four momentum and Fµ = γ(~F · ~v, ~F ) = (F0, ~F) is the
four force. C[f ] on the right hand side of Eq.(3) is the
collision integral which is given by (with the assumption
of hypothesis of molecular chaos and binary collisions)
C[f ] = 1
2
∫
d3p1
p1
d3p′
p′
d3p′1
p′1
[f ′f ′1w(p′, p′1|p, p1)− ff1w(p, p1|p′, p′1)] , (4)
where f, f1, f ′ and f ′1 stands for one particle distribution
f(xi, pi), f(xi, pi1), f(x
i, p′i) and f(xi, p′i1) respectively,
w(p′, p′1|p, p1) is the transition rate. In equilibrium, the
collision integral C[f0] vanishes for the equilibrium distri-
bution function f0(x
i, pi). In principle one can evaluate
corresponding collision integral and solve the Boltzmann
transport equation. However, the general form of col-
lision integral is not easy to handle and usually, it is
non-trivial to solve the transport equation analytically.
A great deal of simplification can be made if we replace
the collision integral by C[f ] = − f−f0τc , where τc is the
relaxation time, during which the system slightly away
from equilibrium, relaxes back to the nearest equilibrium
state. In other words, for systems slightly away from
the equilibrium the distribution function can be approx-
imated as f = f0 + δf , where δf denotes the deviation
from the equilibrium distribution function with the addi-
tional assumption of δff0 ≪ 1. The calculation of δf and
hence kinetic coefficients (viscosity) can be simplified by
noting that they don’t depend on the fluid velocity V
explicitly. It is sufficient to consider at any point in the
fluid where V is zero but has non-zero spatial derivative
i.e., we consider the fluid rest frame. In this case one
can express the Boltzmann equation in relaxation time
approximation by considering only magnetic force and
shear viscosity as [47, 48]
(
vipj
∂Vi
∂xj
− 1
3
vlp
l∇ ·V
)(
∂f0
∂ǫ
)
= −δf
τc
+qεijkvjBk
∂δf
∂pi
,
(5)
where q is the electric charge, and εijk is the totally an-
tisymmetric Levi-civita tensor. The last term in Eq.(5)
corresponds to the velocity dependent magnetic force on
charged particles. As mentioned earlier, here we consider
the δf correction for the non-zero velocity gradient and
magnetic field, the corresponding viscous stress tensor
σij is proportional to the symmetric stress tensor of fluid
velocity as
σij = ηijklVkl (6)
where ηijkl is the viscosity tensor,
V kl =
1
2
(
∂V k
∂xl
+
∂V l
∂xk
)
(7)
and the fluid velocityV is assumed to be non-relativistic.
If we consider only shear viscosity (zero bulk viscosity)
in a magnetic field B with the unit magnetic field vector
b = B|B| then Eq.(6) can be written as
σij =
4∑
n=0
η(n)S
ij
(n). (8)
The above expression is constructed in such a way that
each of the second rank tensor Sij(n) (for n = 0 − 4)
gives zero on contraction with respect to the indices i, j.
η(0), η(1), η(2), η(3), η(4) are shear viscosity co-efficients.
The second rank symmetric trace zero tensor Sij(n)’s are
3constructed out of δij , V ij ,bi, bj, and bij , where bij =
ǫijkbk.
Sij(0) =
(
3bibj − δij)(bjbkVjk − 1
3
∇ ·V
)
, (9)
Sij(1) = 2V
ij − δij∇ ·V − 2V ikbkbj − 2biV jkbk +
δijV klbkbl + b
ibj∇ ·V + bibjV klbkbl, (10)
Sij(2) = 2
(
V ikbkb
j + biV jkbk − 2bibjV klbkbl
)
, (11)
Sij(3) = −bikV jk − V ikbjk + bikVklblbj + bibjkVklbl, (12)
Sij(4) = −2
(
bikVklb
lbj + bibjkVklb
l
)
. (13)
Viscous coefficient η(0) in Eq. (8) is called longitudinal
shear viscosity since Sij(0)bibj 6= 0, for similar reasons rest
of the η(n)’s are called transverse viscosity since they are
transverse to bibj .
In order to find the five shear viscosity coefficients, we
first note that the definition of shear stress from kinetic
theory is
σij = − g
(2π)
3
∫
δf(p)vipjd3p (14)
where g is degeneracy,v is the particle velocity, and p
is the corresponding momentum. The correction to the
equilibrium distribution function δf(p) can be written as
δf(p) = −
(
∂f0
∂ǫ
)
Cijkl(ǫ)v
ipjV kl, (15)
where ǫ is the energy. Hitherto unknown fourth-rank ten-
sor Cijkl(ǫ) needs to be evaluated in order to determine
δf . We note that Cijkl(ǫ) is contracted with symmetric
tensors V kl and vipj to make δf scalar, and this imply
the following symmetry properties
Cijkl = Cjikl = Cijlk . (16)
The fourth rank tensor Cijkl can be constructed from
the linear combinations of bi, δij , and ǫijk. We can con-
struct following eight linearly independent fourth rank
tensor [47]
ξ
(1)
ijkl = δikδjl + δilδjk, (17)
ξ
(2)
ijkl = δijδkl, (18)
ξ
(3)
ijkl = δikbjbl + δjkbibl + δilbjbk + δjlbibk, (19)
ξ
(4)
ijkl = δijbkbl, (20)
ξ
(5)
ijkl = bibjδkl, (21)
ξ
(6)
ijkl = bibjbkbl, (22)
ξ
(7)
ijkl = bikδjl + bjkδil + bilδjk + bjlδik, (23)
ξ
(8)
ijkl = bikbjbl + bjkbibl + bilbjbk + bjlbibk. (24)
The Cijkl is linear combination of the above fourth rank
tensors
Cijkl(ǫ) = τc
8∑
n=1
c(n)(ǫ)ξ
(n)
ijkl . (25)
Now let us substitute δf from Eq.(15) into Eq.(14)
which yields
σij = − g
(2π)
3
∫ (
∂f0
∂ǫ
)
Cklmn(ǫ)v
kplvipjd3pV mn.
(26)
Comparing Eq.(26) with Eq.(6) we have
ηijkl = − g
(2π)
3
∫ (
∂f0
∂ǫ
)
Cklmn(ǫ)vmpnv
ipjd3p. (27)
Since vi = p
i
ǫ , where ǫ is the energy of the particle, the
above equation can be re-written as
ηijkl = − g
(2π)
3
∫ (
∂f0
∂ǫ
)
Cklmn(ǫ)
pipjpmpn
ǫ2
d3p. (28)
The product pipjpmpn on the right hand side of
Eq.(28) can be written as
pipjpmpn =
1
15
(
δijδmn + δimδjn + δinδjm
)
p4. (29)
The normalization constant 115 is obtained by contract-
ing the index i with j and m with n (note the superscript
and subscript have the same meaning since we are deal-
ing with three dimensional vectors). Using Eq.(29) in
Eq.(28) we have
ηijkl = − 1
15
g
(2π)3
∫ (
∂f0
∂ǫ
)
p4
ǫ2
Dijkld3p, (30)
where
Dijkl =
(
ξijmn(1) + ξ
ijmn
(2)
)
Cmnkl(ǫ). (31)
In order to find Cijkl and hence δf let us substitute
Eq.(15) and Eq.(17-24) in the Boltzmann equation Eq.(5)
(
ξ
(1)
ijkl + χHξ
(7)
ijkl
)
Cklmn = τc
(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
. (32)
Here χH =
qB
ǫ τc is a dimensionless quantity also known
as Hall parameter. Using the expansion Eq.(25) in
Eq.(32) and taking appropriate tensor contraction one
can evaluate c(n)(ǫ)’s with the help of Table I. It is a
straight forward but tedious calculation part of which we
discuss in the next section and in appendix A. The shear
viscosity coefficients can be calculated once we know the
Dijkl given in Eq.(31). This can be done in a similar way
like the evaluation of c(n)’s and also discussed later in the
text and in Appendix A.
A. δf correction due to magnetic field
As mentioned earlier, in order to evaluate the δf we
need to find the unknown coefficient c(n)’s in Eq.(25).
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FIG. 1. The coefficients cn as a function of χH .
This can be achieved by using Eq.(25) in Eq.(32) and tak-
ing the appropriate inner product on both sides. Alter-
natively one can also evaluate c(n)’s from Eq.(31) by first
evaluating Dijkl (discussed in the next section). Here we
solve Eq.(32) and obtain the following values of c(n)’s (for
details see Appendix A)
c(1) =
1
2(1 + χ2H)
,
c(2) = − (1 − χ
2
H)
3(1 + χ2H)
,
c(3) =
3χ2H
2(1 + χ2H)
2
,
c(4) = c(5) =
−4χ2H
1 + 4χ2H
,
c(6) =
6χ4H
(1 + χ2H)
2
,
c(7) =
−χH
2(1 + χ2H)
,
c(8) =
−3χ3H
2(1 + χ2H)
2
. (33)
The correction to distribution function δf is now readily
obtained as
δf(p) = −τc
8∑
n=1
c(n)ξ
(n)
ijkl
(
∂f0
∂ǫ
)
vipjV kl. (34)
Here we note that c(4) = c(5), also the coefficients c(7)
and c(8) depends linearly and third power on the Hall
coefficient χH =
qB
ǫ τc, all other c
(n)’s contain quadratic
or even power of χH . The implication is that c
(7) and
c(8) are electric charge dependent and hence the δf . The
dependence of c(n) on χH is shown in figure 1. It will
be interesting to investigate in future the effect of the
magnetic field at the freezeout on the charge dependent
elliptic flow when the δf correction (Eq.(34)) is used in
the Cooper-Frye prescription for calculating the invariant
yield. We leave this detail investigation for a possible
future work and consider (in a later section) a simple
Bjorken expansion of fluid to study the effect of δf on
transverse momentum spectra of pion.
B. shear viscosity in magnetic field
Here we discuss calculation of η(n)’s, for that we shall
first determine the equation for Dijkl . Using the defini-
tion of Dijkl from Eq. (31) in Eq.(32) and using table I
of Appendix A we have(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
Dklmn = 2τc
(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
.
(35)
Let us express Dijkl in terms of unknown coefficients
d(1)(ǫ), ..., d(8)(ǫ) and τc as
Dijkl(ǫ) = τc
8∑
n=1
d(n)(ǫ)ξ
(n)
ijkl . (36)
Solving Eq.(35) we obtain the values of d(n)(ǫ) (the de-
tails of which is given in the Appendix A)
d(1) =
1
1 + 4χ2H
,
d(2) = −2
3
(1− 2χ2H)
(1 + 4χ2H)
,
d(3) =
3χ2H
(1 + 4χ2H)(1 + χ
2
H)
,
d(4) = d(5) =
−4χ2H
1 + 4χ2H
,
d(6) =
12χ4H
(1 + 4χ2H)(1 + χ
2
H)
,
d(7) =
−χH
1 + 4χ2H
,
d(8) =
−3χ3H
(1 + 4χ2H)(1 + χ
2
H)
. (37)
Similar to c(n) here we also observe d(4) = d(5). Now
we can calculate the η1..η5 from Eq.(28) by using these
d(n)’s. In order to do that we use the definition of trace-
less shear tensor σij given in Eq.(8), and also use Eq.(9-
13) and Eq.(17-24) to express ηijkl in terms of ξijkl(n) as
ηijkl = η(0)
(
3ξ(6) − ξ(5) − ξ(4) + ξ(2)/3
)ijkl
+ η(1)
(
ξ(1) − ξ(2) − ξ(3) + ξ(4) + ξ(5) + ξ(6)
)ijkl
+ η(2)
(
ξ(3) − 4ξ(6)
)ijkl
− η(3)
(
ξ(7)/2− ξ(8)/2
)ijkl
− η(4)
(
ξ(8)
)ijkl
. (38)
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FIG. 2. Ratio of η(n)/η(0) as a function of χH .
Using the above expansion of ηijkl on the left hand side
of Eq.(30) and contracting both side with the appropriate
tensors we obtain η(n). The straightforward but tedious
calculation of η(n)’s are given in Appendix B, here we
only note the values of η(n)
η(1) =
1
1 + 4χ2H
η(0),
η(2) =
1
1 + χ2H
η(0),
η(3) =
2χH
1 + 4χ2H
η(0),
η(4) =
χH
1 + χ2H
η(0). (39)
Here we observe that η(3) = 2χHη(1) and η(4) = χHη(2).
The variation of η(j)/η(0) (where j = 1− 4) as a function
of χH is shown in figure 2. One still need to evaluate the
longitudinal shear viscosity η(0). Once η(0) is known for
a given system, the rest of the η(n)’s are obtained from
Eq.(39) for a given value of χH . We shall evaluate η(0)
for a few cases.
C. calculation of η(0) for Bose and Fermi gas
The expression for longitudinal shear viscosity as eval-
uated in Appendix B (Eq.(B8)) is
η(0) = − 1
15
gτc
(2π)3
∫ (
∂f0
∂ǫ
)
p4
ǫ2
d3p. (40)
For massless Bose and Fermi gas f0 =
1
exp((ǫ−µ)/T )∓1 ,
where ǫ = p and µ is the chemical potential. We note that
for this case ∂f0∂ǫ = −∂f0∂µ and Eq.(40) can be expressed
as
η(0) =
1
15
gτc
(2π)3
∂
∂µ
∫
p4
ǫ2
f0d3p. (41)
0 2 4 6 8 10
χH
0.0
0.2
0.4
0.6
0.8
1.0 η00/η0
η02/η0
η03/η0
η04/η0
FIG. 3. Comparison of shear viscosity coefficients obtained
from Grad’s moment method (dotted lines) taken from [42]
and our result (solid lines) where we scaled χH for our results
by a constant factor.
Eq.(41) is a special case of the following general form
Bn =
∫ ∞
0
xndx
exp(x− a)∓ 1 = ±Γ(n+ 1)Li1+n(±e
a),
(42)
where a is a constant, Lin(x) is the poly-logarithmic
function of order n, and Γ(n) is the gamma function.
Using the general result Eq.(42) in Eq.(41) yields
η(0) =
4gτcLi4(±eµ/T )
5π2
T 4, (43)
where ± corresponds to Bose and Fermi gas respectively.
The η0 at µ = 0 for bosons and fermions are η(0) =
2
225gτcπ
2T 4, and η(0) =
7
900gτcπ
2T 4 respectively.
Now let us discuss the case for non-zero mass. It is
not possible to evaluate the integral Eq.(40) in a closed
form for an arbitrary mass of the particles, however, for
m≪ T , the integral in Eq.(40) can be expanded in terms
of m/T , and we have
η(0) =
8
150
gτcT
4
π2
(
24Li4(±eµ/T )− 5Li2(±eµ/T )
(m
T
)2
+ ...
)
(44)
where again the symbol ± corresponds to bosons or
fermions respectively.
D. Comparison of shear viscous coefficients in
relaxation time and Grad’s 14 moment
approximation
Recently, [42] calculated the shear viscous coefficients
in the Grad’s 14 moment approach and here we give a
brief comparison between the coefficients calculated in
that approach and the relaxation time approach used in
6this work. Since, [42] used a different basis for the de-
composition of the viscous stress tensor Sij , we first enu-
merate the relationships between the η(i) defined in this
work and ηii of [42]. The relationships can be found by
noting that η1, η3 are the viscosity coefficients for which
the corresponding shear-stress tensor satisfy the follow-
ing relationship: biS
ij = bjS
ij = 0 and for η2, η4 the
corresponding relationship is: bibjS
ij = 0, where Sij ’s
are defined in Eqs.(9-13). Similar calculation can also be
found in [43].
The relationship between the η0i of [42] and ηi of the
present work are given as:
η00(ξ) = η(1)(χH)
η02(ξ) = η(2)(χH)− η(1)(χH)
η03(ξ) = η(3)(χH)/2
η04(ξ) = η(4)(χH) (45)
where ξ = qBT λ(∝ τc), is a dimensionless variable sim-
ilar to the Hall coefficient χH and T is the tempera-
ture. We have not included in the comparision, the term
η01(ξ) =
3
4 (η(1)(χH) +
1
2ζ(1)(χH) − 32ζ(χH)), where ζ is
the usual bulk viscosity and ζ1 is the modified bulk vis-
cous coefficient in presence of a magnetic field, since the
calculation of bulk viscosity has not been carried out in
this work. In figure 3 we show the comparison between
η0i and the linear combination of η(i) as given in Eq.(45).
As one can see from figure 3 Grad’s moment method and
relaxation time approximation give identical results when
we scale χH appropriately as is done here.
III. EFFECT OF δf TO THE TRANSVERSE
MOMENTUM SPECTRA
A. In a boost invariant one dimensional Bjorken
expansion
One needs to implement the δf correction in the
Cooper-Frye freezeout formula in a numerical magneto-
hydrodynamics code to investigate the actual effect of
δf on invariant yield and flow coefficients. Such a in-
volved study is out of the scope of the present work. For
the sake of simplicity, here we consider a Bjorken expan-
sion of fluid and calculate the corresponding invariant
yield of pion in a magnetic field by using the distribu-
tion function obtained in Eq.(34). The fluid four veloc-
ity in this case takes the following form (uτ = 1, uηs =
ur = uφ = 0), where we define the longitudinal proper
time τ =
√
t2 − z2, space-time rapidity ηs = 12 ln
(
t+z
t−z
)
,
r =
√
x2 + y2 and φ = arctan(y/x). The only non
vanishing component of the shear stress for this veloc-
ity profile is Vkk = Vηsηs = − 1τ [49]. When the above
value of Vηsηs is used in Eq.(34) the terms which are
non-vanishing, contains magnetic field only along the ηs
direction. Hence we are forced to choose a hypothetical
external magnetic field which is strongest along the ηs di-
rection (0,0,0,Bηs). In reality we know that the magnetic
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FIG. 4. Invariant yields of pi− as a function of pT . Solid
red line corresponds to without magnetic field and zero shear
stress (Vkl = 0) and other lines correspond to different values
of magnetic field.
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FIG. 5. Elliptic flow v2 of pi
− as a function of pT . Solid
red line corresponds to without magnetic field and zero shear
stress (Vkl = 0) and other lines correspond to different values
of magnetic field.
field is strongest in the transverse plane and vanishing
along longitudinal direction. The invariant yield of pi-
ons are obtained from the Cooper-Frye freezeout formula
which for the present case for a Boltzmann gas is
d2N (0)
d2pTdy
+
8∑
i=1
d2N (i)
d2pTdy
=
1
(2π)3
∫
pµdΣµ
(
f0 +
8∑
i=1
δf (i)
)
,
(46)
where x = mT /T , modified Bessel function of second
kind Kν(x) the differential freezeout hypersurface dΣ
µ =
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FIG. 6. Top panel: Invariant yield of pi− as a function of pT
or various values of relaxation time when magnetic field kept
constant qB = 0.1m2pi . Bottom panel: same as top panel but
for elliptic flow v2 of pi
−.
(τdηsrdrdφ, 0, 0, 0), and the four momentum p
µ =
(mT cosh y, pT cosφ, pT sinφ,mT sinh y). The super-
script 0 in Eq.(46) indicates the equilibrium case. The
first integral on the right hand side is
2mTπR
2
0τ0
(2π)3 K1(x)
and the second integral is the correction to the invariant
yield. We evaluate the correction by using the appro-
priate form of δf (i)’s (given in appendix C) in Eq.(46)
and evaluating the integral numerically. For the calcu-
lation we have also used χH(ǫ) = (qBτc)/(mT cosh y),
τc = 0.5 fm, and we take midrapidity i.e., y = 0. We
found that the pT spectra hardly changes in magnetic
field compared to the without magnetic field case even
for a ambitious value of qB ∼ 100m2π. For a more real-
istic fluid expansion which contains transverse as well as
azimuthal variation of fluid velocity, the correction to the
pT spectra and flow coefficients might be quite different
than what is obtained here, this case is discussed in the
next section. It is also worthwhile to mention that δf
contains two terms δf (7) and δf (8) which are charge de-
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FIG. 7. Invariant yield of pi− corresponding to δf1 and δf2
as a function of pT for two different magnetic fields. Orange
line corresponds to qB = 0.1m2pi and blue line corresponds to
qB = 10m2pi .
pendent (c(7), c(8) in Eq.(33)) which might be important
for studying CME. For the present case of one dimen-
sional Bjorken expansion these charge dependent terms
vanishes.
B. Transverse expansion along with the
longitudinal Bjorken expansion
In order to study a more realistic fluid expansion with
non-zero transverse flow, following [49] we use a gener-
alise version of the blast wave model. We would like to
mention that the blast wave model is a simple model
of the flow fields and a full dissipative magnetohydro-
dynamics simulation is needed to estimate actual effects.
By assuming a linear rise of transverse velocity as a func-
tion of radius of the fireball in the transverse plane and
a velocity field with a small elliptic flow component we
have the following hydrodynamical fields :
T (τ0, ηs, r, φ) = T0Θ(R0 − r),
ur(τ0, ηs, r, φ) = u0
r
r0
(1 + u2 cos(2φ))Θ(R0 − r),
uφ = 0,
uη = 0,
uτ =
√
1 + (ur)2.
(47)
For a head-on collision the elliptic flow component
u2 = 0. Here we have taken, u0 = 0.55 and u2 = 0.1.
These values approximately corresponds to a mid central
heavy ion collisions at top RHIC energies. It is useful to
realise that τuη and ruφ are velocities in η and φ direc-
tions respectively. For boost invariant flow uη = 0 and for
8rotationally invariant flow uφ = 0. Here we also assume
longitudinal boost-invariance, the invariant yield is calcu-
lated by using Eq.(46) for the given hydrodynamic fields
Eq.(47) . Calculation of corresponding Vkl are given in
Appendix D. The invariant yield of π− for various values
of magnetic fields are shown in figure 4. For compari-
son we also show the zero magnetic field and zero shear
stress case in the same figure by the solid red line. Unlike
one dimensional expansion we found visible correction to
the invariant yield when non-zero transverse expansion
is taken into account (note that qB = 0 does not im-
ply ideal case, one also needs to set zero shear viscosity
which is achieved by setting Vkl = 0). In order to calcu-
late the v2 we use the following formula which is obtained
by considering the correction to be small (see [49])
v2 (pT ) = v
0
2 (pT )

1−
∫
dφ d
2N(i)
pT dpT dφ∫
dφ d
2N(0)
pT dpT dφ


+
∫
dφcos(2φ) d
2N(i)
pT dpT dφ∫
dφ d
2N(0)
pT dpT dφ
. (48)
The v2 for different values of magnetic field are shown
in figure 5. One can clearly see that v2 changes due to
the δf correction in presence of magnetic field compared
to the without magnetic field case (shown by red line in
figure 5). The above mentioned results are obtained for
a constant relaxation time τc = 0.5 fm. The dependence
of invariant yield and v2 on τc for a fixed value of mag-
netic field qB = 0.1m2π are shown in figure 6. Finally we
would like to comment on the non-monotonic behaviour
of δf correction as observed in invariant yield and v2 (see
figure 4 and 5 ). We note that the contribution from δf1
and δf2 shows non-monotonic behaviour as a function of
magnetic field. This is shown in figure 7 where we plot
corresponding corrections in invariant yields d
2N(1)
d2pT dy
and
d2N(2)
d2pT dy
respectively as function of pT for two different
values of magnetic field qB = 0.1m2π (orange lines) and
qB = 10m2π(blue lines). One can clearly see that the cor-
rections due to two terms cancel each other for smaller
values of magnetic field, whereas for a larger magnetic
field they act coherently. This behaviour is reflected in
the correction to invariant yield and v2.
IV. CONCLUSION
We calculated the δf correction for a fluid with finite
velocity gradient and under the influence of magnetic
field in the relaxation time approximation. The δf is
found to be composed of eight different terms some of
which are electric charge dependent. When used in the
Cooper-Frey freezeout formula for a simple fluid evolu-
tion in one dimensional Bjorken expansion, the change in
invariant yield of negative pion is found to be negligible
for realistic values of the magnetic field. Interestingly,
however, when the transverse expansion of the fluid is
taken into account we found that both spectra and v2
shows noticeable changes. We also evaluated the shear
viscous coefficients in magnetic field. One longitudinal
η(0) and four transverse (η(1), η(2), η(3), η(4)) viscous co-
efficients have been calculated as a function of Hall pa-
rameter χH (= qBτc/ǫ). It is observed that the trans-
verse viscosities are smaller in comparison to the η(0) for
0 ≤ χH ≤ 5. It has also been shown that η(2) − η(4) can
be expressed in terms of η(0) with coefficients which are
functions of χH only. All the transverse shear viscous
coefficients are found to decrease with respect to the η0
for χH > 1. At smaller χH ≤ 1, the η3 and η4 shows
non-monotonic behavior. We would like to mention that
it is important to calculate the same δf in other meth-
ods such as Chapman-Enskog or Grad’s moment method
in order to corroborate our findings. For example, it is
interesting to compare results from other methods to see
whether one also get similar electric charge dependent
terms in the δf corrections which might be important
for studying CME. These open problems are out of the
scope of the present study and we leave it for a possible
future investigation.
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Appendix A: Calculation of c(n) and d(n)’s
Here we discuss in details the calculation of coefficients
c(n)’s and d(n)’s appeared in Eq.(33) and Eq.(37). First
let us calculate cn’s from Eq. (32)
(
ξ
(1)
ijkl + χHξ
(7)
ijkl
)
Cklmn = τc
(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
(A1)
where Cijkl = τc
∑8
n=1 c
(n)(ǫ)ξ
(n)
ijkl
(
ξ
(1)
ijkl + χHξ
(7)
ijkl
)
τc
8∑
n=1
cn(ǫ)ξ
(n)
klmn = τc
(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
(A2)
For convenience let us write c(n)(ǫ) as c(n), swap the right
and left hand side of the above equation and writing the
tensor index as a common term we have
9ξ(1) ξ(2) ξ(3) ξ(4) ξ(5) ξ(6) ξ(7) ξ(8)
ξ(1) 2ξ(1) 2ξ(2) 2ξ(3) 2ξ(4) 2ξ(5) 2ξ(6) 2ξ(7) 2ξ(8)
ξ(2) 2ξ(2) 3ξ(2) 4ξ(4) 3ξ(4) ξ(2) ξ(4) 0 0
ξ(7) 2ξ(7) 0 2ξ(8) 0 0 0 −8(ξ(1) − ξ(2) − 3
4
ξ(3) + ξ(4) + ξ(5)) 2(4ξ(6) − ξ(3))
TABLE I. Product of non-commutative basis elements ξ
(r)
ijkl ∗ ξ
(s)klmn
(
ξ(1) − 2
3
ξ(2)
)
ijmn
=
(
ξ(1) + χHξ
(7)
)
ijkl
c(1)ξ
(1)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(2)ξ
(2)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(3)ξ
(3)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(4)ξ
(4)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(5)ξ
(5)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(6)ξ
(6)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(7)ξ
(7)
klmn
+
(
ξ(1) + χHξ
(7)
)
ijkl
c(8)ξ
(8)
klmn
(A3)
Now we need to evaluate the tensor products like
ξ
(1)
ijklξ
(n)
klmn and ξ
(7)
ijklξ
(n)
klmn which can be found from
Eq.(17-24). We have tabulated all such tensor products
in table I. Using those tabulated values we have
(
1
2
ξ(1) − 1
3
ξ(2)
)
ijmn
=
(
c(1) − 4χHc(7)
)
ξ
(1)
ijmn
+
(
c(2) + 4χHc
(7)
)
ξ
(2)
ijmn
+
(
c(3) + 3χHc
(7) − χHc(8)
)
ξ
(3)
ijmn
+
(
c(4) − 4χHc(7)
)
ξ
(4)
ijmn
+
(
c(5) − 4χHc(7)
)
ξ
(5)
ijmn
+
(
c(6) + 4χHc
(8)
)
ξ
(6)
ijmn
+
(
c(7) + χHc
(1)
)
ξ
(7)
ijmn
+
(
c(8) + χHc
(3)
)
ξ
(8)
ijmn
(A4)
Equating the coefficients of ξ
(n)
ijmn on both side of
Eq.(A4) we have,
c(1) − 4χHc(7) = 1
2
c(2) + 4χHc
(7) = −1
3
c(3) + 3χHc
(7) − χHc(8) = 0
c(4) − 4χHc(7) = 0
c(5) − 4χHc(7) = 0
c(6) + 4χHc
(8) = 0
c(7) + χHc
(1) = 0
c(8) + χHd
(3) = 0 (A5)
By solving these eight equations, we obtain the values
of c(n)’s given in Eq.(33).
The calculation for d(n)’s proceed in a similar way.
From Eq.(35) we have(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
Dklmn = 2τc
(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
,
(A6)
where
Dijkl(ǫ) = τc
8∑
n=1
d(n)(ǫ)ξ
(n)
ijkl . (A7)
Thus we have(
ξ
(1)
ijmn −
2
3
ξ
(2)
ijmn
)
=
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(1)ξ
(1)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(2)ξ
(2)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(3)ξ
(3)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(4)ξ
(4)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(5)ξ
(5)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(6)ξ
(6)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(7)ξ
(7)
klmn
+
(
ξ
(1)
ijkl −
2
5
ξ
(2)
ijkl + χHξ
(7)
ijkl
)
d(8)ξ
(8)
klmn.
(A8)
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Using the tabulated values (table I) for the tensor
product and using the shorthand notation for tensor in-
dices we have
(
ξ(1) − 2
3
ξ(2)
)
ijmn
= d(1)
(
2ξ(1) − 4
5
ξ(2) + 2χHξ
(7)
)
ijmn
+ d(2)
(
4
5
ξ(2)
)
ijmn
+ d(3)
(
2ξ(3) − 8
5
ξ(4) + 2χHξ
(8)
)
ijmn
+ d(4)
(
4
5
ξ(4)
)
ijmn
+ d(5)
(
2ξ(5) − 2
5
ξ(2)
)
ijmn
+ d(6)
(
2ξ(6) − 2
5
ξ(4)
)
ijmn
+ d(7)[2ξ(7) − 8χH(
ξ(1) − ξ(2) − 3
4
ξ(3) + ξ(4) + ξ(5)
)
]ijmn
+ d(8)
(
2ξ(8) + 2χH
(
4ξ(6) − ξ(3)
))
ijmn
.
(A9)
Comparing the coefficients of ξ
(n)
ijmn on both side of the
above equations we have
d(1) − 4χHd(7) = 1
2
5
d(1) − 2
5
d(2) +
1
5
d(5) − 4χHd(7) = 2
3
d(3) + 3χHd
(7) − χHd(8) = 0
−4
5
d(3) +
2
5
d(4) − 1
5
d(6) − 4χHd(7) = 0
d(5) − 4χHd(7) = 0
d(6) + 4χHd
(8) = 0
d(7) + χHd
(1) = 0
d(8) + χHd
(3) = 0. (A10)
(A11)
The values of d(n)’s (see Eq.37 ) are obtained by solving
these eight equations.
Appendix B: Calculation of η(n)
Here we shall discuss the evaluation of longitudinal
viscosity η(0) for which the final expression is given in
Eq.(40).
As given in Eq.(38) the ηijkl can be decomposed as
ηijkl =
4∑
i=0
η(n)I
ijkl
(n) , (B1)
ξ(1) ξ(2) ξ(3) ξ(4) ξ(5) ξ(6) ξ(7) ξ(8)
ξ(1) 24 6 16 2 2 2 0 0
ξ(2) 6 9 4 3 3 1 0 0
ξ(3) 16 4 24 4 4 4 0 0
ξ(4) 2 3 4 3 1 1 0 0
ξ(5) 2 3 4 3 1 1 0 0
ξ(6) 2 1 4 1 1 1 0 0
ξ(7) 0 0 0 0 0 0 40 8
ξ(8) 0 0 0 0 0 0 8 8
TABLE II. Scalar product ξ
(n)
ijklξ
ijkl
(n)
where Iijkl(n) ’s are defined as
Iijkl(0) = (3ξ
(6) − ξ(4) − ξ(5) + ξ(2)/3)ijkl,
Iijkl(1) = (ξ
(1) − ξ(2) − ξ(3) + ξ(4) + ξ(5) + ξ(6))ijkl ,
Iijkl(2) = (ξ
(3) − 4ξ(6))ijkl ,
Iijkl(3) = −
1
2
(ξ(7) − ξ(8))ijkl ,
Iijkl(4) = −
(
ξ(8)
)ijkl
.
(B2)
From kinetic theory the ηijkl can be expressed in terms
of δf as
ηijkl = − 1
15
g
(2π)3
∫
d3p
(
∂f0
∂ǫ
)
p4c4
ǫ2
Dijkl (B3)
In order to find η(0) we use the decomposition given in
Eq.(B1) on the left hand side of the above equation and
multiply both side by I
(0)
ijkl yield
η(0)I
ijkl
(0) I
(0)
ijkl = −
1
15
g
(2π)3
∫
d3p
(
∂f0
∂ǫ
)
p4c4
ǫ2
DijklI
(0)
ijkl .
(B4)
In order to evaluate the above integral we need to find
the product DijklI
(0)
ijkl . By using the expression for D
ijkl
Eq. (36) we have
DijklI
(0)
ijkl = τc
8∑
n=1
d(n)ξ
ijkl
(n) I
(0)
ijkl . (B5)
For simplicity and to avoid writing repetitively the tensor
index ijkl we remove the indices in the following equation
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8∑
n=1
d(n)ξ(n)I
(0) = d(1)ξ(1)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(2)ξ(2)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(3)ξ(3)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(4)ξ(4)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(5)ξ(5)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(6)ξ(6)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(7)ξ(7)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
+ d(8)ξ(8)
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
= d(1)
(
3ξ(1)ξ
(6) − ξ(1)ξ(4) + ξ(1)ξ(5) − ξ(1)
ξ(2)
3
)
+ d(2)
(
3ξ(2)ξ
(6) − ξ(2)ξ(4) + ξ(2)ξ(5) − ξ(2)
ξ(2)
3
)
+ d(3)
(
3ξ(3)ξ
(6) − ξ(3)ξ(4) + ξ(3ξ(5) − ξ(3)
ξ(2)
3
)
+ d(4)
(
3ξ(4)ξ
(6) − ξ(4)ξ(4) + ξ(4)ξ(5) − ξ(4)
ξ(2)
3
)
+ d(5)
(
3ξ(5)ξ
(6) − ξ(5)ξ(4) + ξ(5)ξ(5) − ξ(5)
ξ(2)
3
)
+ d(6)
(
3ξ(6)ξ
(6) − ξ(6)ξ(4) + ξ(6)ξ(5) − ξ(6)
ξ(2)
3
)
+ d(7)
(
3ξ(7)ξ
(6) − ξ(7)ξ(4) + ξ(7)ξ(5) − ξ(7)
ξ(2)
3
)
+ d(8)
(
3ξ(8)ξ
(6) − ξ(8)ξ(4) + ξ(8)ξ(5) − ξ(8)
ξ(2)
3
)
= 4
[
d(1) +
8
3
d(3) + d(5) +
2
3
d(6)
]
= 4
[(
1
1 + 4χ2H
)
+
8
3
(
3χ2H
(1 + 4χ2H)(1 + χ
2
H)
)
+
( −4χ2H
1 + 4χ2H
)
+
2
3
(
12χ4H
(1 + 4χ2H)(1 + χ
2
H)
)]
= 4
[
(1 + 4χ2H)(1 + χ
2
H)
(1 + 4χ2H)(1 + χ
2
H)
]
= 4. (B6)
In evaluating the tensor contraction in the above calculation we have used values from table(II).
Now let us calculate the product Iijkl(0) I
(0)ijkl which ap- peared on the left hand side of Eq.(B4) Again we shall
use values given in table (II) for the following calculation.
Iijkl(0) I
(0)
ijkl =
(
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)ijkl (
3ξ(6) − ξ(4) − ξ(5) + ξ
(2)
3
)
ijkl
= 9− 3− 3 + 1− 3 + 3 + 1− 1− 3 + 1 + 3− 1 + 1− 1− 1 + 1
= 4. (B7)
Finally using these values in Eq. (B4) we have the ex- pression for η(0) as
η(0) = −
1
15
gτc
(2π)3
∫
d3p
(
∂f0
∂ǫ
)
p4c4
ǫ2
. (B8)
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Calculation of η(1)..η(4) are similar and we don’t include
them here.
Appendix C: δf for Bjorken expansion
Here we discuss the δf (i) used in Eq.(46) for the lon-
gitudinal boost invariant case. The shear stress for this
case is . For the boost invariant expansion without trans-
verse flow, uτ = 1 and all other components of velocity
are zero (ur = uη = uφ = 0). Thus the only non van-
ishing component of the shear stress Vkk = Vηη = − 1τ .
The corresponding δf (i) for the magnetic field (0,0,0,Bη)
turns out to be of the following form
δf (1) = −2c(1)τc
(
f0
T ǫτ
)
m2T sinh
2 ηs,
δf (2) = −c(2)τc
(
f0
T ǫτ
)
m2T sinh
2 ηs,
δf (3) = −4c(3)τc
(
f0
T ǫτ
)
b2ηsm
2
T sinh
2 ηs,
δf (4) = −c(4)τc
(
f0
T ǫτ
)
b2ηsm
2
T sinh
2 ηs,
δf (5) = −c(5)τc
(
f0
T ǫτ
)
b2ηsm
2
T sinh
2 ηs,
δf (6) = −c(6)τc
(
f0
T ǫτ
)
b4ηsm
2
T sinh
2 ηs,
δf (7) = 0,
δf (8) = 0.
(C1)
Appendix D: δf for Bjorken expansion along with
transverse expansion
Here we calculate the δf correction for the case of
transverse expansion as discussed in section III B. Assum-
ing boost invariance, the spatial components of viscous
tensor V kl are given by (in order to be consistent with
our definition of V kl we neglect the term which makes
〈∇µuν〉 traceless in [49]),
V rr = −2∂rur − 2urDur,
V φφ = −2∂φuφ − 2u
r
r
− 2r2uφDuφ,
V ηη = −2u
τ
τ
,
V rφ = −r∂ruφ − 1
r
∂φu
r − rurDuφ − ruφDur,
V rη = V φη = 0,
(D1)
and the derivatives in the rest frame Duµ are given by,
Dur = uτ∂τu
r + ur∂ru
r + uφ∂φu
r − r(uφ)2,
rDuφ = uτ∂τ (ru
φ) + ur∂r(ru
φ) + uφ∂φ(ru
φ) + uφur.
(D2)
To fix the values of the time derivatives
(∂τu
φ, ∂τu
r, ∂τu
τ ) appear in the above equations,
it is sufficient to consider the ideal equation of mo-
tion. Thus the time derivatives can be determined as
following;
∂τu
φ = 0
∂τu
r =
c2sv
1− c2sv2
(
uτ
τ
+
ur
r
+ (1 + v2)∂ru
r
)
− v∂rur
∂τu
τ = v∂τu
r
(D3)
Here v = ur/uτ is the radial velocity and cs denotes
the velocity of sound. We use cs = 0.1 which is taken
from lattice QCD results at temperature Tf = 130 MeV
[50].
The corresponding δf (i) for the magnetic field
(0, br, bφ, 0) turns out to be of the following form
δf (1) = c(1)τc
(
f0
T ǫ
)
2 [p2rVrr + 2prpφVrφ + p
2
φVφφ + p
2
ηVηη],
δf (2) = c(2)τc
(
f0
T ǫ
)
[(p2r + p
2
φ + p
2
η)(Vrr + Vφφ + Vηη)],
δf (3) = c(3)τc
(
f0
T ǫ
)
[p2rb
2
rVrr + p
2
φb
2
φVφφ + (p
2
r + p
2
φ)brbφVrφ
+ 2prpφbrbφ(Vrr + Vφφ) + prpφ(b
2
r + b
2
φ)Vrφ],
δf (4) = c(4)τc
(
f0
T ǫ
)
[(p2r + p
2
φ + p
2
η)(b
2
rVrr + b
2
φVφφ,
+2brbφVrφ)],
δf (5) = c(5)τc
(
f0
T ǫ
)
[(p2rb
2
r + p
2
φb
2
φ + 2prpφbrbφ)
(Vrr + Vφφ + Vηη)],
δf (6) = c(6)τc
(
f0
T ǫ
)
[(p2rb
2
r + p
2
φb
2
φ + 2prpφbrbφ),
(b2rVrr + b
2
φVφφ + 2brbφVrφ)],
δf (7) = c(7)τc
(
f0
T ǫ
)
4pη[prbφ(Vrr − Vηη)
+ (pφbφ − prbr)Vrφ + pφbr(Vηη − Vφφ)],
δf (8) = c(8)τc
(
f0
T ǫ
)
4pη[(prb
2
rbφ + pφbrb
2
φ)(Vrr − Vφφ)
+ (prbrb
2
φ − pφb2rbφ + pφb3φ + prb3r)Vrφ].
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